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The monotone inclusion problem is to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\text {find an}} \quad x\in H \quad {\text {such that}} \quad 0\in \sum _{i=1}^{m}A_ix, \end{aligned}$$\end{document}$$where *H* is a real Hilbert space with inner product $\documentclass[12pt]{minimal}
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                \begin{document}$$A_i$$\end{document}$ are set-valued maximal monotone operators (Hui and Lizhi [@CR39]). Such problem is very important in many areas, such as convex optimization and monotone variational inequalities, for instance. There is an extensive literature to approach the inclusion problem, all of which can essentially be divided into two classes according to the number of operators involved: single operator class $\documentclass[12pt]{minimal}
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                \begin{document}$$(m\ge 2).$$\end{document}$ The latter class can always be reduced to the case of $\documentclass[12pt]{minimal}
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                \begin{document}$$m=2$$\end{document}$ via Spingarn's method (Spingarn [@CR30]). Based on a series of studies in the next decades, splitting methods for monotone operators were inspired and studied extensively. Splitting methods for linear equations were introduced by Peaceman and Rachford ([@CR19]) and Douglas and Rachford ([@CR5]). Extensions to nonlinear equations in Hilbert spaces were carried out by Kellogg ([@CR13]) and Lions and Mercier ([@CR15]). The central problem is to iteratively find a zero of the sum of two monotone operators *A* and *B* in a Hilbert space *H*. Splitting methods have recently received much attention due to the fact that many nonlinear problems arising in applied areas such as signal processing, image recovery and machine learning are mathematically modeled as a nonlinear operator equation (Shehu et al. [@CR28], [@CR29]; Shehu [@CR27]). And the operator is decomposed into the sum of two nonlinear operators.

In this paper, we consider the problem of finding a solution for the following problem: find an *x* in the fixed point set of a family of countable quasi-nonexpansive mappings $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x\in (A+B)^{-1}(0), \end{aligned}$$\end{document}$$where *A* and *B* are two monotone operators. The similar problem has been addressed by many authors in view of the applications in signal processing and image recovery; see, for example, Qin et al. ([@CR22]), Zhang ([@CR38]), Takahashi et al. ([@CR31]), Kamimura and Takahashi ([@CR12]) and the references therein.

Throughout this paper, we always assume that *H* is a real Hilbert space with the inner product $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert \cdot \Vert$$\end{document}$, respectively. Let *C* be a nonempty closed convex subset of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H,\;P_C$$\end{document}$ be the metric projection from *H* onto *C*,  and $\documentclass[12pt]{minimal}
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                \begin{document}$$S: C \rightarrow C$$\end{document}$ be a mapping. We use *F*(*S*) to denote the fixed point set of $\documentclass[12pt]{minimal}
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                \begin{document}$$F(S):= \{x \in C : x=Sx\}$$\end{document}$. Recall that *S* is said to be nonexpansive if$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert Sx-Sy\Vert \le \Vert x-y\Vert , \quad \forall \quad x,y \in C. \end{aligned}$$\end{document}$$If *C* is a bounded closed and convex subset of *H*, then *F*(*S*) is nonempty closed and convex; see Browder ([@CR3]). *S* is said to be quasi-nonexpansive if $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert Sx-p\Vert \le \Vert x-p\Vert , \quad \forall \ x \in C, \quad p \in F(S). \end{aligned}$$\end{document}$$It is easy to see that nonexpansive mappings are Lipschitz continuous, however, the quasi-nonexpansive mapping is discontinuous on its domain generally. Indeed, the quasi-nonexpansive mapping is only continuous in its fixed point set.
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                \begin{document}$$A : C\rightarrow H$$\end{document}$ be a mapping. Recall that *A* is said to be monotone if$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle Ax-Ay, x-y \rangle \ge 0, \quad \forall \ x,y \in C. \end{aligned}$$\end{document}$$*A* is said to be $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha$$\end{document}$-inverse strongly monotone operator must be $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{\alpha }$$\end{document}$-Lipschitz continuous.

Recall that the classical variational inequality is to find an $\documentclass[12pt]{minimal}
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                \begin{document}$$P_C$$\end{document}$ is the metric projection from *H* onto *C*. Next we recall some well-known definitions.

**Definition 1** {#FPar1}
----------------

(*Takahashi et al.*[@CR31]) A multi-valued operator $\documentclass[12pt]{minimal}
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                \begin{document}$$T : H \rightarrow H$$\end{document}$ with the domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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**Definition 2** {#FPar2}
----------------

(*Takahashi et al.*[@CR31]) A monotone operator *T* is said to be maximal if its graph $\documentclass[12pt]{minimal}
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**Definition 3** {#FPar3}
----------------

(*Takahashi et al.*[@CR31]) Let *I* denote the identity operator on *H* and $\documentclass[12pt]{minimal}
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                \begin{document}$$T : H\rightarrow H$$\end{document}$ be a maximal monotone operator. For each $\documentclass[12pt]{minimal}
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Three classical iteration processes are often used to approximate a fixed point of a nonexpansive mapping. The first one was introduced in 1953 by Mann ([@CR17]) and is well known as Manns iteration process defined as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\{\alpha _n\}$$\end{document}$ is chosen in \[0,1\]. Fourteen years later, Halpern ([@CR6]) proposed the new innovation iteration process which resembled Manns iteration ([2](#Equ2){ref-type=""}). It is defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$u \in C$$\end{document}$ is fixed. Seven years later, Ishikawa ([@CR10]) enlarged and improved Mann's iteration ([2](#Equ2){ref-type=""}) to the new iteration method, which is often cited as Ishikawa's iteration process and defined recursively by$$\documentclass[12pt]{minimal}
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Moreover, many authors have studied the common solution problem, that is, find a point in a solution set and a fixed (zero) point set of some nonlinear problems; see, for example, Kamimura and Takahashi ([@CR11]), Takahashi and Toyoda ([@CR32]), Ye and Huang ([@CR35]), Cho and Kang ([@CR4]), Zegeye and Shahzad ([@CR36]), Qin et al. ([@CR23]), Lu and Wang ([@CR16]), Husain and Gupta ([@CR9]), Noor and Huang ([@CR18]), Qin et al. ([@CR21]), Kim and Tuyen ([@CR14]), Wei and Shi ([@CR33]), Qin et al. ([@CR24]), Qin et al. ([@CR20]), He et al. ([@CR7]), Wu and Liu ([@CR34]), Qin and Su ([@CR26]), Abdel-Salam and Al-Khaled ([@CR1]), Qin et al. ([@CR25]), Zegeye et al. ([@CR37]) and the references therein. In Kamimura and Takahashi ([@CR11]), in the framework of real Hilbert spaces, Kamimura and Takahashi investigated the problem of finding zero points of a maximal monotone operator by considering the following iterative algorithm:$$\documentclass[12pt]{minimal}
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                \begin{document}$$f :H\rightarrow H$$\end{document}$ is a proper lower semicontinuous convex function.

Takahashi and Toyoda ([@CR32]) investigated the problem of finding a common solution of the variational inequality problem ([1](#Equ1){ref-type=""}) and a fixed point problem involving nonexpansive mappings by considering the following iterative algorithm:$$\documentclass[12pt]{minimal}
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Hecai ([@CR8]) studied the common solution for two monotone operators and a quasi-nonexpansive mapping in the framework of Hilbert spaces. The aim of this paper is to investigate hybrid algorithm for a common zero point of the sum of two monotone operators which is also a fixed point of a family of countable quasi-nonexpansive mappings. We point out two incorrect justifications in the proof of Theorem 2.1 in paper Hecai ([@CR8]). Further, we modify and generalize the results of Hecai's paper, in which only a quasi-nonexpansive mapping was considered. In addition, two family of countable quasi-nonexpansive mappings with uniform closeness examples are provided to demonstrate our results. Finally, we apply the results to variational inequalities.

To obtain our main results in this paper, we need the following lemmas and definitions.
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**Lemma 4** {#FPar4}
-----------
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Abdel-Salam and Al-Khaled ([@CR1]) proved the following result.

**Theorem 5** {#FPar5}
-------------
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In order to modify the iterative algorithm of Theorem [5](#FPar5){ref-type="sec"} and to get more generalized results, we present a new iterative algorithm in this paper. Moreover, the results are applied to variational inequalities.

Main results {#Sec2}
============

Now we are in the position to give our main results.

**Theorem 6** {#FPar6}
-------------
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We divide the proof into six steps.
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Application {#Sec3}
===========

In this section, we apply our results to variational inequalities.
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Based on Theorem [7](#FPar8){ref-type="sec"}, we have the following corollary on variational inequalities.
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